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Introduction to Hardy Spaces
H. Baumgdrtel!
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Basic material from the theory of Hardy spaces is presented. The principle of positive
energy representations is used as motivation to introduce these spaces.
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1. THE PRINCIPLE OF POSITIVE ENERGY REPRESENTATIONS
We consider only the two simplest cases.

Case 1. The unit spher&' as the rotation groufi. In the chiral conformal field
theory the rotations are symmetries. After the exceptionality of the point “infinity”
of the light line is removed then it is topologically a sphere. The Irrep’s of the
rotation group are the characters

and a strongly continuous unitary representatiffi’) on a Hilbert spacé{ can
be decomposed as

U(C) = Z(nEn,
nezZ

where thek,, are the isotypical projections for the lalmelThese labels are usually
interpreted as “energy levels.”

Case 2. The real lineR considered as (time) translation group. The Irrep’s are
the characters

a—> e pekR,
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labeled by points aR, usually interpreted as energy values. A strongly continuous
representation ot can be decomposed as

Ua) = /R e PE(dp),

where E() is a spectral measure 6.

The so-called positive energy representations are of special interest, physi-
cally as well as mathematically.

In Case 1, a representation is calfsakitiveif

[0}

En=0 for n<O0, ie, U(§)=Z§nEn,
n=0

i.e., there is a lowest energy, for example= 0 if Eq > 0.
In Case 2, the definition gfositivityreads

E([0, 00)) =1, i.e. U(a)=/°° e "?PE(dp).
0

This is the usual positivity condition for the energy in mathematical models.
Now the simplest representations are the so-called regular ones which are not
positive.

Case 1. ChooseH := L?(S'). The canonical ONB is denoted lgy, €,(2) :=
Z", n € Z. Then the functions df{ are given by Fourier series

f=>ame ) lanl*< oo

nezZ nezZ

The regular representation is defined by
U@ H@ = (2.
Then
U@g) =) ¢"En with Ey = (en, -)en,

nezZ

the one-dimensional projection onto the subspaee
Case 2. ChooseH := L?(R). The Fourier transformation dt is denoted byF,

(Ff)(p) = f(p) = (Zn)-%/ &P £ (x) dx.
R
Then

(Flg)(x) = (27) "} / e g(p)dp.
R
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The regular representation is defined by
U@ f)x) = f(x—a).

Then one obtainsl (a) ;= FU (a)F ! is a multiplication operator given by
U@ f)(p)=e " f(p).

i.e., the spectral measure B{R) is given by the spectral measure of the charac-
teristic functions,

E(A)f)p)=xA(@F(p), ACR
Then the spectral measut-) is given by
E(A) = F1xAF.

Itis easy to separate from the regular representation subrepresentations which are
positive.

Case 1. Choose the subspa¢t?(S') c L2(Sh), calledHardy spacedefined by

H3(SY = {f e L(SY: f =ianen}.
n=0

ThenH2(SY) is invariant w.r.t. the regular representation anr) I H2(S) is
positive.

Case 2. Choose the subspat?(R) C L?(R), calledHardy spacedefined by
HI([R) == F  xp.0L?(R) = FT'LA(R,), Ry =0, 00),

ie,f e HE(R) if f(p) =0 (modulo Lebesgue measure) fox 0. Then one has
again: HE(R) is invariant w.r.t. the regular representation an(R) P HE(R) is
positive.

In the following several interesting properties of the Hardy spaces are pre-
sented.

2. THE UNIT SPHERE St

Recal first that Fourier exansions of functions frarf(S') are “formally
similar” to Laurent expansions in analytic function theory. Therefor the functions
in H2(S') seem to be the “analytic elements” bf. More precisely, the first
observation is the following: Let

HX(SY) > f =) anen, ) lanl* < oo
n=0 n=0
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Then the power series

has a radius of convergence> 1 because

m m % m % 1 %
2 2
B3 |an|-|z|”|s(Z |an|> -(Z |z|”> se~<1_|z|2> :

n=k+1 n=k+1 n=k+1

for |z| < 1 and sulfficiently largé and defines therefore a holomorphic function
f(2) .= Zanz”, |z < 1
n=0
in the open unit dis® of the complex plane (in some seng) is the extension
of f into the interior). It turns out that one has a bijection
H2(SY) s f < f(-) e HX(D),

betweenH?(S!) and the setH?(D) of all holomorphic functions irD such that
the sequence of Taylor coefficients is square-summable. It should be mentioned
that

HP(D) c A*(D), 1)

where A?(D) denotes the Hilbert space of all complex-valued functions that are
holomorphic throughouD and square-integrable w.ri., the planar Lebesgue
measure measure . The scalar product is given by

(1.9 = [ T@o@ud2
and a canonical ONB is given by

n+1\Y2
en(2) == (L) 2", n=0,1,2,...,
b

so thatA?(D) is isomorphic to the Hilbert space of all sequencegs ¢, o>, . . .)
with

o0

2
Z lan | < oo,
n:o”+1

such that (1) follows.
It is easy to find a criterion for the square summability of the sequence of the
Taylor coefficients. Choose a functign holomorphic inD, ¢(z) := Y - g anz".
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Define
#(2)=¢(rz), 0<r<1, |z=1
Then it is easy to see that first
¢ € HY(SY), O0<r< 1,

holds and second

oo

2 .
> ol < oo iff SUpy< 1ll¢ll < oo.
n=0

The bijection ofH?(St) andH?(D) given by the “extension of into the interior”
raises the question to the inverse problem: How can one deteririireen f (-)?
The solution is simple:

Given f (-) define

fr(2) := f(rz2), O<r< 1, |z1=1
Then obviously
f e H3(SY, O<r< 1,
and the assertion is that
f =slim_,f,

in the sense of convergence in the norm of the Hilbert sp#f("). The corre-
sponding argument is simple: Lét= )" janen,. Thenf, = Y 7 anr"e, and

00 k 0
= f 2= lenP@ =" <> lanP@A ="+ > anl?,
n=0 n=0

n=k+1

which implies the assertion. Moreover,

I =limeoall frll = SURk < 1l e

follows.

3. THE REAL LINE R
Let f € H2(R) = F1L2(R,), i.e.,

f(x)=(2n)*”2fooe‘*"f(p)dp, f(p)=0, p<o.
0
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Obviously, f can be analytically continued into the upper half plane. Put
z= X+ iy and define

(@)= @02 [ P i(pydp= @n) 2 [~ e ePipdp
Then
f is holomorphic forz > 0 (2)
and
f(-+iy) e L’R), 3)
because its Fourier transfom— eYP f (p) is anL 2-function. Parseval’s equation

gives
00 > / [f(x +iy)?dx = /Oooe‘zyp|f(p)|2dp, y > 0.
Hence )
supj>ofR|f(x+iy)|2dx < oo 4)

follows. Moreover,f appears as the boundary value for the functig¢n+ iy for
y — =40 (in the sense of norm convergencelif(R)).
Surprisingly, the properties (2), (3), (4) characterlitf(R) completely. This
is the content of the famous theorem of Paley/Wiener (see, Raymond and Paley,
1934). A proof can also be found in the textbook of Yosida (1971).

Theorem (Paley/Wiener). Let ) be a holomorphic function in the upper half
plane. Further let {- +iy) € L?(R) for each fixed y >0,z = x + iy, and

supy>0/ (X +iy)|?dx < .
R
Then

f e HZ(R)

follows.

The strategy of the proof is to show first thigt + iy) is a Cauchy sequence
for y — 40 w.r.t. theL?-norm. Thus there is a limit function

L2(R) > f(-+i0) = s-limy_ o f (- +1iy),

|imyﬁ+of |f(X +iy) — f(x +i0)2dx = O.
R



Introduction to Hardy Spaces 2219

Second, it turns out that the Fourier transform
fio:=Ff(+i0)e L%R)

vanishes on the negative half line, so that
(@ =@ [ &P i
0

Interestingly enough, an elemehte HE(R) is uniquely determined by its
projection onto an arbitrary open interval ) C R, wherea = —oo, b < co and
—o0 < a, b = oo are allowed. For example, the cased), the positive half line,
is often used in applications.

Theorem. Let f e Hf (R)and f(x +i0) = 0a.e.for x >0. Then f(z) = Ofor
all z from the upper half plane.

The proof uses Cauchy’s integral formula
1 f
f(2) = — ﬁ
27l Jo ¢ —2
where( is a positively oriented rectangular path anid contained in its interior.
Then, by standard limit processes (e.g., see Yosida, 1971) one gets

de, £z>0,

1 © f(A+1i0)
f(2) = — —da, > 0.
@) 2ri /,oo A—Z £z
On the other hand, one has
/Md,\=o, £z<0.
e A—2Z

Now, if (x +i0) = 0 a.e. forx > 0, the integral
1 (% f(r+i
1 (A+10) di
2l J_o A—2Z

defines a function afwhich is holomorphic in the regia@\ (—oco, 0]. Thisimplies
immediatelyf (z) = 0 for £z > 0.

4. HILBERT TRANSFORM

A beautiful application of this theorem concerns the so-called Hilbert trans-
form. Start with a so-called Cauchy integral

SN 2
f(z)._infw_zqa(,\)d,\, ¢ € LAR), £2>0.
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Define
1 1
fe(x):=f ie)=—— | ———o¢(1)dr.
09 = Flx+ie) == [ o)
Then one had, € L%(R) for all ¢ > 0. Note that

N
T (~+ie*¢)'

Therefore, according to the convolution theorem,

7.(p) = FF)P) = - (@0 2F (2 ) () o))

_ _in(zn)l/z(—(zzr)l/zi &P 0,00 (P))P(P)

i
= 2X[0,00)(P) €¢(P),
hence
Ifelliz < 2llgllz, €> 0,

follows, i.e., f. HE(R). Therefore, according to the Paley/Wiener theorem, the limit
function exists

erO = S-lim€ﬁ+o fe~

Now f, o can be calculated explicity. One h&éx + i€) = g.(X) + h.(X), where
1 X=X
(X)) =—— | —————9()dA,
909 In/;g(x—)»)z—i-ez(p()

€ 1
he(x) = ;/Rmﬂk)dk

and finally

fro(x) = (HP)(X) + ¢ (%),

where

(Ho)(x) := % /R f(_kz( dir  (Cauchy’s main value)

is the Hilbert transform. Hence

2X10,00(P)P(P) = (Ff10)(P) = F(H())(p) + ¢(p),
and

F(H@))(P) = xpo,(P) — 1)p(p) = sgnp - $(p),
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follow and this means

(FHFYé(p) = sgnp - ¢(p),
so thatH is self-adjoint and idempotert) = H*, H? = 1.

5. RESOLVENT LIMITS

A further application of Hardy spaces is concerned with the problem of the
existence of limits — 0 for resolvents

R(2):=(z1—-H)™, £z+#0,

of a self-adjoint operatorH = [, AE(dA) on a Hilbert spaceH, where
Z = X +ie. More precisely, one studies matrix elementsR(z)v), u,v € H or
vector functionsAR(z) f for certain bounded operators &hand for special vec-
torsf € H.

First note that it is straightforward to generalize the concept “Hardy space”:
replaceC by a Hilbert spacé{. Then the underlying Hilbert space is n@&(R, )
and the corresponding Hardy space is denoted—|§&R, 'H), correspondig to
L3R, H).

Second, replace the upper half plane by the lower half plane and the positive
real half lineR, = [0, co) by the negative real half linR_ = (—o0, 0]. Then for
all these generalized concepts the former arguments can be repeated and lead to
the Hardy spacéi?(R, H), corresponding td. (R_, ). Note thatH2 and H?
are mutually orthogonal and one has the orthogonal decompositions

L2 R_, H) ® L3R4, H) = L3R, H) = HZR, H) ® HZ(R, H).  (5)
To present the mentioned application start with the identity

0 . .
i(L+ie—H)? =/ gCHI-Hxgy  ¢> 0. (6)
0

Applying (6) on a vectorf and multiplying from the left by a bounded operator
A, then by Parseval’s equation one obtains

1 00 ,
Z/RHAR(AJrie)fnzd,\:/o e 2 Ae 't f2dt (7)
for all f € H, and, correspondingly,

1 _ 0 :
—/ ||AR(A—|e)f||2dA=/ et AetH £)2dt. (8)
2r R —00
For the application of the Hardy spaces in this framework it is necessary
to restrict the consideration to the so-called absolutely continuous subspace of
H. Therefore, for convenience, we assume tHaitself is already absolutely
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continuous. This means that for eatle H, | f | = 1, the measuref( E(Af))is
absolutely continuous w.r.t. the Lebesgue measure.
An important dense submanifolit,, C H is given as follows: Put

(f, E(dk)f))l/z

flo =
| (ess sup— -

ThenM,, is defined to consist of alf with | f |, < co.

The relations (7) and (8) are of interest in particular for Hilbert—Schmidt
operatorsA € £,(H) and for vectorsf € M. Namely, the following Lemma is
true:

Lemma3. Let Ae Ly(H)and f e M. Then
/ IAEH f2dt < 27| AJZ- |12,
R
where| A||> denotes the Hilbert-Schmidt norm of A.
Obviously this implies

sup€>O/R||AR(A+ie)f||2dA5271/0 |Ae ™ £ 2dt,

and

0
suQ>0/ AR —ie) f|?da < 271/ |AetH £ 2dt.
R

—0Q

Therefore Paley/Wiener's theorem is applicable and one obtains the existence of
the strong limits

s-lim._oAR(L £ie)f =1 AR(L £i0)f,
and the statement on their Fourier transforms. Now recall that

%(R(x—ie)— R(Hie)):/Rae(x—x)E(dx),

where

A further observation says that

AE(d2) f
dx
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exists almost everywhere, this function is a member R, ) and

AE(d)) f
AEEDT _ s lim,q [ 6.~ ne@ot.
da R
Therefore, finally one gets
AE(MM)f 1 . .
EEPTE ﬂ(AR(A —i0)f — AR(A +1i0)f),

which is the decomposition of the left-hand side w.r.t. the decomposition (5).
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